arXiv:1507.07054vl [math.AG] 25 Jul 2015 


Moduli of noil-commutative polarized schemes 

K. Behrend, B. Noohi 
July 28, 2015 


Abstract 

We construct, using geometric invariant theory, a quasi-projective 
Deligne-Mumford stack of stable graded algebras. We also construct a 
derived enhancement, which classifies twisted bundles of stable graded 
Aoo-algebras. The tangent complex of the derived scheme is given by 
graded Hochschild cohomology, which we relate to ordinary Hochschild 
cohomology. We obtain a version of Hilbert stability for non-commutative 
projective schemes. 
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Introduction 

All our graded algebras will be unital and associative, with finite dimensional 
graded pieces. 

We study derived moduli of graded algebras. In the first part of this paper, 
we construct a differential graded stack X, classifying graded algebras of a fixed 
dimension d = (d\,d 2 , ■ ..). The construction is as a stack quotient of a vector 
bundle of curved differential graded Lie algebras over a linear space, divided by 
an algebraic ‘gauge’ group. The construction is infinite-dimensional, but equal 
to the projective limit of its finite dimensional truncations. 

For a graded algebra A , representing the point P of X 1 the tangent complex 
of X at P has (shifted) Hochschild cohomology of A , computed with homoge¬ 
neous cochains of degree 0, for cohomology groups: H l (Tx\p) = HH'^ 1 (A). In 
other words, the derived deformation theory of a graded algebra is given by its 
(shifted) graded Hochschild cohomology. 

In the second section, we study graded Hochschild cohomology in some de¬ 
tail, and relate it to more familiar invariants. We do this for algebras A ‘coming 
from geometry’, by which we mean that there exists a C-linear Grothendieck 
category 'if, an object & of ‘if, and an autoequivalence s of satisfying suit¬ 
able hypotheses, such that A = ©„ >0 Hom^(^, s n ff). In the commutative 
case, this essentially means that A = ©„> 0 T (X, for a projective scheme 

(X,^(l)). 

Our results can be understood as supporting the idea that (under certain 
hypotheses), the derived deformation theory of the graded algebra A coincides 
with the derived deformation theory of the triple (%?, 6 , s). 
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In the last part of the paper we define a notion of stability forjjraded alge¬ 
bras and construct a (derived) separated Deligne-Mumford stack X s classifying 
stable graded algebras of fixed dimension vector. Our notion of stability comes 
from geometric invariant theory for the finite-dimensional truncations X< g of 
X. We expect that for many interesting dimension vectors the stack X s (or at 
least an interesting substack) will be of finite type. 

In the commutative case, our notion of stability coincides with the classical 
notion of Hilbert stability. Thus our stack X s extends the classical stack of 
Hilbert stable projective varieties into the non-commutative world. 

We speculate that the stack X s (or a suitable open substack) is a moduli 
stack of non-commutative projective schemes in the sense of Artin-Zhang jTJ. 

As an example, 3-dimensional quadratic Artin-Schelter regular algebras are 
semi-stable, and generically stable [3J. 

Notation and Conventions 

We work over a field of characteristic zero, which we shall denote by C. Unless 
specified otherwise, a graded vector space will refer to a Z-graded vector space. 
A graded vector space is locally finite, if each graded piece is finite dimensional 
over C. 

All our graded algebras will be unital and associative, locally finite and 
graded in non-negative degrees. The component in degree zero will be assumed 
to be equal to the ground field C. Often we will replace such an algebra A by 
its graded ideal A > o of elements of positive degree (A can be recovered from 
A > o in a canonical way). 

Our algebraic stacks will have affine diagonal, but we do not require the 
diagonal to be of finite type, in general. 

We follow the Bourbaki convention that set inclusion (proper or not) is 
denoted by ‘C’. 

Acknowledgements 
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ternational Exchange Scheme. 


1 The derived stack of graded algebras 


Gerstenhaber bracket 


Let V = 
let 


©„>o 14 be a locally finite positively graded vector space. For p > 0, 
L p = Rom gr (V®t p+1 \V) 
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be the vector space of (p + l)-ary multilinear operations on V, which preserve 
degree. We have 

Lr = JjHom((V®(r+V) n ,V n ), 

n 

which is a product of finite dimensional vector spaces. Therefore, it is an affine 
C-scheme. If V is finite dimensional, it is an affine C-scheme of finite type. 

On L = © JJ>0 L p we introduce a (non-associative) product o : L p <g> L q —> 
L p+q by the formula 

p 

(A 4 o iy)(ao, ■ ■ ■ , dp+q) = — 1) q • • • ) • i • • • ) a p+q) ■ 

2=0 

We antisymmetrize and obtain the Gerstenhaber bracket 

[/z, v] = n ov — (—\) pq v o fj, . 

The pair (L, [,]) is a graded Lie algebra (see [3]). It is finite dimensional, if V 
is finite dimensional. 

Augmentation. Sometimes it will be convenient to augment L by putting 
a copy of C in degree —1, i.e., setting L ” 1 = C, and defining the differential 
L~ l —y L° to be the map C —>• Hom gr (y, V) given by the tautological graded 
endomorphism 7 of Id, which is multiplication by the degree, so 7 (/i) = deg 
for homogeneous elements /x £ V. Define the bracket by [L~ X ,L\ = 0. The 
fact that the augmented object is a differential graded Lie algebra follows from 
the fact that the tautological endomorphism 7 is central in L. (This kind of 
construction would not work with the identity in place of 7 , as the identity is 
not central.) We denote by L the graded Lie algebra obtained by dividing L in 
degree 0 by the ideal C 7 . Note that L is quasi-isomorplric to the augmented L. 

Maurer-Cartan equation 

The Maurer-Cartan equation for L is 

/iop, = 0, /jGL 1 . 

Thus a Maurer-Cartan element [x is a degree preserving binary operation /i : 
V <g> V —>V, satisfying the equation 

(fx o /x)(a, b,c) = 0 , for all a, &, c € V. 


Equivalently, 


fx(/x(a, b),c) = fx(a , /x(b, c)), for all a,b,c £ V , 

i.e., n is associative. Thus the Maurer-Cartan locus MC(L ) of L is the scheme 
of all associative graded products on V. It is a closed subscheme of the affine 
scheme L 1 . 
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Gauge group—Moduli stack 

The gauge group of L is G = n n GL(Vn). It is an affine group scheme 
over C, and it is algebraic, if V is finite dimensional. Its Lie algebra is 
L° = Hom gr (V, V). The gauge group acts on L by conjugation, preserving 
the Gerstenhaber bracket, and hence the Maurer-Cartan locus. The moduli 
stack of L is the stack quotient 

X = [MC(L)/G]. 

It classifies graded associative products on V up to change of basis in V. In other 
words, X classifies graded associative algebras (without unit), whose underlying 
graded vector space is isomorphic to V. The stack X is an algebraic stack with 
affine diagonal, although the diagonal is not of finite type, unless V is finite 
dimensional. 

Let di = dim Vi, and d = (di, ^ 2 , • • ■)■ The groupoid X(T), for a scheme 
T, is the category of bundles of graded algebras of rank d, parametrized by T. 
Such a bundle of algebras is given by a graded vector bundle y = © n>0 y n over 
T, where rankl^ = d n , endowed with ^r-bilinear operations ® X) —> %+j, 
satisfying associativity. (We can always add to such a bundle of graded algebras 
a copy of @t in degree 0, and make it into a bundle of unital algebras, in a 
canonical way.) 

Definition 1.1 For a graded algebra, we call the automorphisms <j>\, for 
A S G m , given by <j>x(a) = A degQ a on homogeneous elements, tautological. 
The tautological automorphisms define the tautological one-parameter group of 
automorphisms. 

This leads to a modified moduli problem: Denote by T the central one- 
parameter subgroup of G which acts with weight n on V n , for all n. Lei : G be 
G/T. The Lie algebra of G is L°. The group G acts by conjugation on L, and 
we call G the gauge group of L. It is an affine group scheme over C. Consider 
the quotient stack 

X = [ MC(L)/G ), 

which is again an algebraic stack, the moduli stack of L. 

We have a morphism of stacks X —>• A', which is a G m -gerbe. 

The moduli problem solved by X is the following: for a scheme T, the 
groupoid X(T) is the groupoid of pairs (X, A), where X is a G m -gerbe over T, 
and X = © n >o y n is an X-twisted vector bundle on T, where y n is n-twisted, 
and rank(^) = d n , for all n > 0. Moreover, y is endowed with the structure 
of graded algebra. We call such pairs (X, y) twisted bundles of graded algebras. 

For a review of twisted sheaves, see (7]. Our terminology is as follows: a 
quasi-coherent X-twisted sheaf & on T is a quasi-coherent sheaf on X. Such a 
sheaf decomposes naturally into a direct sum & = ©, i6Z ^ n , where on & n the 
natural inertia action is equal to the ro-th power of the linear action given by 
the ^--module structure on &. If we refer to & as n-twisted. If all 

& n are vector bundles, we call & a twisted vector bundle. 
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If the components of the dimension vector d of V are strongly coprime , by 
which we mean that there exists a k such that (d\, 2 d- 2 , ■ ■ ■, kdk) = 1 , then 
the gerbe X —»• X is trivial. In this case, the universal twisted bundle of 
algebras can be represented by a bundle of algebras. It can be constructed by 
twisting the given action of G on V by the character \ '■ G —>• G m , defined by 
xidhQii ■ ■ •) = det(t/i) ri det(g 2 ) r2 ■ ■where the r* are such that ir{di = 1 . 
The point is that this twist does not affect the action on L, but it changes the 
action on V in such a way that it factors through G. 

Derived moduli stack of algebras 

One of the simplest kinds of derived moduli stacks is given by a bundle of 
curved differential graded Lie algebras on a smooth algebraic stack (see [2], for 
the definitions). In the present case, the construction is as follows. 

We start with the affine scheme L 1 , and construct over it a bundle of curved 
differential graded Lie algebras: the underlying graded vector bundle .Sf = 
©p >2 trivial bundle over L 1 , with fibre L p in degree p, for p > 2. 

The curvature map L l —> L 2 , given by x i-> x o x, gives rise to a global section 
/ of J^f 2 , the curvature of our bundle of curved differential graded Lie algebras. 
The twisted differential d p : Jzf* —> Jzf 1+1 is given by d p = [/x, • ], in the fibre 
over p £ L 1 . The Lie bracket on jSf is constant over L 1 , induced from the 
Gerstenhaber bracket in each fibre. 

Then we notice that the gauge group action on L 1 lifts to an action on all of 
Jzf, preserving the structure of bundle of curved differential graded Lie algebras. 
Thus, this structure descends to the quotient stack M = [L 1 /G\, giving rise to 
a bundle of curved differential graded Lie algebras over M. From now on, let 
us reserve the notation (_S?, /, d p , [, ]) for the descendant bundle on M. (If V is 
finite dimensional, each is a bundle of finite rank.) 

Our moduli stack X is now realized as the closed substack X C M, cut out 
by the vanishing of the curvature / of jSf. 

In |2], it is explained how a bundle of curved differential graded Lie alge¬ 
bras (M, Jzf) gives rise to a differential graded stack, which we shall denote by 
In fact, the curved differential graded Lie algebra structure on Jzf 
defines a differential graded co-algebra structure on SymJzf[l], which dualizes 
to a differential graded algebra structure on = (Sym Jzf [l]) v . 

We also get a functor on differential graded schemes: if {T,3$t) is a differ¬ 
ential graded scheme, we associate to it the set of pairs (X,p), where X is a 
graded vector bundle of dimension d over T, and p is a global Maurer-Cartan 
element of the sheaf of differential graded Lie algebras 

, V) ®e T ■ 

This is the same thing as the structure of a graded Aoo-algebra on 'V ®e T &t- 

We also have a bundle of curved differential graded Lie algebras over M = 
[L 1 /G], giving rise to a differential graded stack (Af,^~), whose underlying 
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classical stack is X. This gives rise to the derived stack of twisted bundles of 
graded Aoo-algebras. 

Hochschild cohomology—Deformation theory 

Let us consider a point of X, represented by the Maurer-Cartan element p € L 1 . 
The derived stack (M, JSf) gives rise to a complex of vector bundles on X, the 
tangent complex, which governs deformations and obstructions of morphisms 
from square zero extensions of differential graded schemes. (For details, see [2]). 
At the point p, this complex is our original graded Lie algebra L, endowed with 
the twisted differential cP = [p, ■ ]. This differential is the Hochschild differential 
of the associative algebra (V,p). It makes {L, gP, [,]) into a differential graded 
Lie algebra. 

Explicitly, for a S L p , a : V® p+1 —> V, we have 
(d M a)(a 0 ,.. • ,a P +i) = 

a(a 0 , ■ • ■, a p ) a p+1 + (-l) p a 0 a(ai,..., a p+ 1 ) 

- (-1 Y • ■ > a i a i+1 > • ■ •) > 

i=0 


where we have written p as concatenation. 

The cohomology spaces 

H p {L,d») = HH p +\V,p) 

are the graded Hochschild cohomology spaces of the graded associative algebra 
(V,p), computed with Hochschild cochains which are homogeneous of degree 
zero. Graded deformations/obstructions of the graded algebra (V, p) are given 
by Lf 1 (L,ci A ‘) and f? 2 (L,cP), respectively. 

Explicitly, if a : E ® 2 —>• V is a 1-cocycle with respect to d p (a Hochschild 
2 -cocycle), then 


a(a, b) c — a(a, be) + a(ab, c) — a a(b , c) = 0 . ( 1 ) 

The corresponding infinitesimal deformation of (V, p) is given by V e = V®eV 
with multiplication *, which is determined on V C V e by 

a*b = ab + e a(a, b ). 

Associativity of * follows from the cocycle condition (fTj). 

If ft : V —> V is a 0-cochain (a Hochschild 1 -cochain), then id+/3 : V e > V e 
defines an isomorphism from * Q to * a +d^p- 

The infinitesimal deformation given by a extends to C[e]/e , if and only if 
the primary obstruction a o a vanishes in H 2 (L, d p ) = HH^ T {V, p). 
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Truncation 


Let V —> V< q be the truncation of V into degrees less than or equal to q, for a 
positive integer q. We will always consider V< q as a quotient of V. Repeating 
the above constructions with V replaced by V< q , we obtain a finite dimensional 
graded Lie algebra L< q = Q)L p <q , together with an epimorphism of graded Lie 

algebras L —> L< q . Let X< q and X< q denote the corresponding moduli stacks, 
which are algebraic stacks of finite type, whose diagonal is affine of finite type. 
We have 

I = X = ^im X< q . (2) 

9 9 

Let us write M = [L 1 /G\ and M = [L 1 /G], etc. Then we have also r q : M —> 
M< q , and a morphism of bundles of curved differential graded Lie algebras 

2 r* q J?< q , 

for every q. Then 

-Sf = lim r*JSf< q , (3) 

9 

(and a similar fact with tildes), as bundles of curved differential graded Lie 
algebras. 

To state the compatibility with truncations on the level of deformation the¬ 
ory, let A = (V, /i) be an algebra giving rise to a point of X. Then we have 

H P (L, d^) = \unHP{L< q ,d p ), 

9 

as a direct consequence of ©. Thus, we also have 

HHP r (A , A) = \unHHP r (A< q , A < q ). 
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Remark 1.2 The projective system L q is a projective system of C-vector 
spaces, and all transition maps are obviously surjective. The reason to insist 
that we think of V —>■ V< q as a quotient map is only to prove that the Hochschild 
boundary commutes with the maps of the projective system. A simple argument 
with ^im 1 proves that taking cohomology commutes with the projective limit. 


2 Graded Hochschild cohomology 

In this section we will relate graded Hochschild cohomology to more familiar in¬ 
variants. We will do this for certain graded rings S which ‘come from geometry’. 
By this we mean that S is the homogeneous coordinate ring of a ‘sufficiently 
amply polarized’ non-commutative projective scheme (^, A 1 s) in the sense of 
PQ. Since our hypotheses are going to diverge slightly from [T], we will call our 
triples ( < ^ J , A , s) polarized Grothendieck categories , rather than non-commutative 
projective schemes. 

We will define the concept of reduced Hochschild cohomology for such a triple. 
We apologize for this abuse of established terminology. 


2.1 Hochschild cohomology of a polarized Grothendieck 
category 

Preliminaries 

We summarize a result from [S], which allows us to write down a relatively 
small complex which computes the Hochschild cohomology of a Grothendieck 
category. 

Let ^ be a C-linear Grothendieck category, and A : u —> a C-linear 
functor from a C-linear category u. This situation gives rise to the Yoneda 
functor ^ —>■ Mod(u), where Mod(u) is the category of right u-modules, i.e., the 
category of C-linear functors u op —> (C-vector spaces). 

We will need to assume that ^ —>• Mod(u) is fully faithful and has an 
exact left adjoint. By the Gabriel-Popescu theorem, for this it suffices that 
{d(M)}„ eobu is a generating family for , and that A : u — > is fully faithful. 
By Theorem 1.2 of 0, this latter condition can be weakened to 

(i) A : u — > *€ is faithful, 

(ii) for objects u, v in u, and a morphism / : A(u) —> A(v) in , there always 
exists a family of morphisms Ui —>• u in u, such that A(ui) —> A(u) is 
an epimorphism in e £, and f\A(m) G u, for all i. 

There exist (Section 1.10 in [5]) functorial injective resolutions for the objects 
of u. This means we have a 2-commutative diagram 


A 



u 


(4) 


<7* 0^) 


where C % (^) denotes the differential graded category of complexes in . For 
every u £ u, the homomorphism of complexes A(u) —>■ E{u) (given by the 
natural transformation “=>’ in the diagram) is an injective resolution. 

Denote by E the u-bimodule defined by the functor E : u —> C*&). We 
have 

E(u,v) = Hom^ (E(u), E(v)) = RHom^ (H(m),H(u)) . 

We shall consider the Hochschild cochain complex C*(u,E), see 0 (2.4)]. It is 
the product total complex of the double complex whose p-th column is given by 



Proposition 2.1 (0, Lemma 5.4.2) The complex C*(u,E) computes the 
Hochschild cohomology of *€ as abelian category , and therefore governs the de¬ 
formation theory of# as abelian category. 
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We will apply this result in the situation where {A(—n)} n6 N is a family 
of objects of 'if, such that for every N, the family {A{—n)} n< N generates ‘if. 
We let u be the category whose objects are the negative integers, and whose 
morphisms are given by 

. . I Hom^ (A(—to), A(— n)) if — m < — n 

u (—m, —n) = < ., 

0 if —to > — n 


By construction, u comes with a faithful (although not necessarily full) functor 
A 


—>■ if, which satisfies Condition 
C* (u, E ) is given by 


(ii) above. The Hochschild complex 


Home ^ Horn (A(—n p _i), A(-n p ))®.. .®Hom (A(-n 0 ), A(-m)), 

Horn *<# (E(-n 0 ), E(-n p ))] . (5) 


—no <... <—n 


Polarized Grothendieck categories 

Let ? be a C-linear Grothendieck category. A polarization of if is a pair 
(s, A), where s is an auto-equivalence of if, and A is an object of if, such that 

(i) for every N, the family (A(n)) n<JV generates if, 

(ii) Ext^ (A, A(n)) = 0, if n > 0, and i > 0, 
where we have written s n A = A(n). 

In addition, we will make the assumption that Hom<g-(A, A) = C. 

For example, the Grothendieck category of quasi-coherent £?x-iiiodules on a 
projective C-scheme X is polarized by &x), if ^x(l) is ‘sufficiently 

ample’. It satisfies the additional assumption, if X is connected. 

For another example, if (%?, A, s ) is a finite-dimensional non-commutative 
projective scheme in the sense of [T| , by which we mean that it satisfies the con¬ 
ditions (HI), (H2), (H3), (H4), and (H5) of [ibid.], and has finite cohomological 
dimension, then (s,A) is a polarization of if we replace s by a sufficiently 
large power. 

As explained in pQ, Proposition 4.2., we may, and shall, assume that s is an 
automorphism of rather than an autoequivalence. 

We choose functorial injective resolutions for the objects A(— n), n G N, 
and use the complex C*(u, E ), defined as above (JSJ), to compute the Hochschild 
cohomology of if. 


Reduced Hochschild cohomology 


Let E* be the same u-bimodule as E, except that we set E(—l,—n) equal to 
zero: 


E*(—m, —n) 


0 if —to = — 1 , 

E(—m, —n) otherwise. 
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By the definition of u, we have that E* is a bi-submodule of E. Let E be the 
quotient bimodule 


0-- E* -- E -- E -- 0 . 

Again, by the definition of u, we have for all p that the p -th column 
of C*(u,E) is a single copy of E(— 1,-1) = Hom^ (E(— 1), E(— 1)). The 
Hochschild differential is trivial, and therefore C'(u,E) is quasi-isomorphic to 
E{- 1, -1) = RHom^ (A, A). 

We call the cohomology of C m (u,E*) the reduced Hochschild cohomology 
of f, with respect to the base object A , notation HH (jf,A). 

There is a short exact sequence of complexes 

0-C*(u, E*) -- C*(u, E) - ^C‘(u,E) --0 , (6) 

which gives rise to a long exact sequence in cohomology 

- ^HH*(jf,A) - ^HH*(<f) - -Ext£(A,A)—^ . (7) 

Remark 2.2 As HH*(jf) governs deformations of the abelian category ( f, and 
Ext tf(A,A) governs deformations of the object A within f (see [12]), the se¬ 
quence © suggests that HH {jf, A) governs the deformations of the pair (f, A). 
This motivates our terminology. We apologize for the somewhat ad-hoc defini¬ 
tion, which is motivated by its convenience for what follows. 

Graded Hochschild cohomology 

Define the unital graded C-algebra 

Hom^ (A, A(n)) , 

n> 0 

and the graded differential graded S'-bimodule 

M*=0H°n4 (E,E(n)). 

nEZ 

The grading coming from the autoequivalence s will be called the projective 
grading and will be denoted using lower indices, in contrast to the cohomological 
grading, which is indicated with superscripts. 

We have the Hochschild complex of S with values in M * 

C*(S, M*) 

and the subcomplex 

C* r {S,M m ) 

of projective degree 0 cochains. These are the cochains which preserve the 
projective degree. 
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Lemma 2.3 We have a short exact sequence of complexes of C-vector spaces 


0 - C* T (S, M*) - ^C m (u,E)^-^Cr(u,E) -^0 . ( 8 ) 

Proof. During this proof we will disregard the vertical degree (the coefficient 
degree) and consider only the horizontal degree (the Hochschild degree). Thus, 
C p (u,E) will denote the p-tlr column 0 of C m (u,E). The same applies to 

q r (s,M*). 

A p-cochain % e C p P (S,M*), is a family (xti,...,Z p )h,...,t p >o, where 

is a multilinear map. We associate to % the p-cochain if £ C p (u,E) given by 
the family (if no ,...,n p )n 0 >...>n p > l, where 

ipn 0 ,...,n p : Homy (A(-n p _i), A(-n p )) ®...®Hom^ (A(-n 0 ),A(-n i)) 

—> Hom^ ( E(-n 0 ),E(-n p )) 


is the multilinear operation given by 

lfno,...,n p (®ipj • ■ ■ ) ^l) $ °Xno— ni,...,n p —i —n p (^ P OL p , . . . , S Qq) 

Sending x to if defines the injective arrow in (| 8 jl. 

The functor s _1 restricts to a fully faithful functor s _1 : u —> u, and defines 
an endomorphism of the diagram ( 0 , and so induces an endomorphism s _1 of 
C*(u, E). Given a p-cochain if £ C p (u, E), the p-cochain s~^if £ C p (u,E) is 
given by 

(s lf)no,---,n p {oip, ■ ■ • Qq) = + (s Otp, . . . , S Qq)). 

So the condition (1 — s _1 )^ = 0is equivalent to 

s ('0tT.o-t-l,...,7if' + l(s . . . ,S Ql)) = 'lfno...,n p {ptpi ■ ■ • , Oil) • 

Such a if is the image of x £ C|j. (S, M*), with 

Xh,...,l P ( a pi ■ ■ • , Qfi) = S 0 (if no,...,rip (s p OL p , ■ ■ ■, s °q 1 )) , 

where, for i = 0 ,... ,p, we have used the abbreviation m = n + Y2j > i f° r an 
arbitrary n > 1. This proves that (j 8 j) is exact in the middle. 

To prove that (1 — s -1 ) is surjective, note that given <f, the equation <f = 
(1 — s~ l )if is equivalent to s^if = if — (f, which is a recursive equation for the 
components of if in terms of those if no ,...,n p with n p = 1 . □ 

Sequences (0 and ® exhibit two subcomplexes of C*(u, E). In the intersec¬ 
tion of C* T (S,M m ) and C*(u, E*) inside C*(u, E), there is C* T (S, S > o), giving 
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rise to the commutative diagram of complexes with exact rows and columns 


c; T (s, S> o) -- C*(u, E*) -- R 

0 

C* r (S, M*) -,C , (ui)^C*(ui) (9) 


Q --—C*(u, E) 

Lemma 2.4 Both a and /3 are quasi-isomorphisms. 

PROOF. In fact, the two claims are equivalent, so let us prove the one for a. 
Let us start by noting that in C* T (S, M*), we can replace M* by 

M >o = ® H cm4 (E,E(n)). 

n> 0 

Consider the monomorphism of S-bimodules S > o —>• M> 0 . By the second con¬ 
dition that we require of polarizations, the quotient of M> 0 modulo S > o is 
quasi-isomorphic to the bimodule Mq = Hom^(i?,£ l ), which exists entirely in 
projective degree 0. It follows that Q is quasi-isomorphic to C° T (S, M 0 ). But for 
every p, we have C^ T (S, M 0 ) = M 0 . It follows that C* T (S, M 0 ) is, in fact, quasi¬ 
isomorphic to Hom^(£, E) = RKom- r f(A, A). The same is true for C*(u, E). 

We have used the fact that graded Hochschild cohomology of S is invariant 
under quasi-isomorphisms of the coefficient bimodule. This can be reduced to 
the case of Hochschild cohomology of the category u via Lemma 12.31 which 
applies to any u-bimodule. □ 

Corollary 2.5 There is a distinguished triangle of complexes of C-vector spaces 

C£(5 >0 , S >0 ) - - C*(u, E*) C*(u, E) -"*■ , 

and hence a long exact sequence in cohomology 

-- HH;jS >0: S >0 ) - ^HH*(V,A) . (10) 

PROOF. This is where we use the connectedness assumption that Hom<*f (H, A) = 
C. By this assumption, the normalized graded Hochschild complex of S with 
values in S > o is C*(S > o,S > o). □ 


13 



















Thus Diagram © gives rise to a diagram of long exact sequences in coho¬ 
mology: 


HH* t (S >0 ,S >0 ) - 

HH* r (S , M m ) -^ — > HH* { c €) 

E x $ e (A,A)^=E x tk(A,A) 


+1 


+1 


( 11 ) 


Heuristic Remarks 

Unfortunately, this result about 

(L, d M )[—1] = C* r (S>o, S>o), 

with notation 5>o = (V, /z), is only about the tangent complex of our derived 
stack as a complex, disregarding the structure of deformation functor, i.e. the 
Loo-structure. We would like to make a few heuristic remarks, which may 
explain the provenance of Diagram m 

There is an octahedron of deformation functors 

Def <g{A) Def <g{A) 

Defy(s)-Def(^, s, A) -Def(tf, A) 

Def<^(s)-Def(r, s)-^ Def('T) 

Then there is an isomorphism Def('T) = Def<*?(s)[l], so we can rewrite this as 
Defy (A) = Defy (A) 

DefCif, s, A) -- Def(‘T, A) -^ Def(tf) 

Def (Sf, s)-- DefCr)-- Def('r) 
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and as 


Def("if, s, A) ->■ Def (if, A) -^ Def (if) 


Def (if, s)-^ Def(if)-Def (if) 


Def^(A)[l]^=Def^(A)[l] 

We believe that this latter diagram is, in fact, CD, and this justifies our 
suspicion that C* I (S > o, S^oX+l] governs the deformation theory of the triple 
(if, A, s). From Section [I] we know that C| r (S'>o, S>o)[+l] governs the de¬ 
formation theory of (non-unital) graded algebras. This is consistent with the 
Artin-Zhang philosophy that graded algebras are just triples (if, A , s) in dis¬ 
guise. 

2.2 Relative Hochschild cohomology (commutative case) 

In the commutative case, we can interpret graded Hochschild cohomology of a 
graded ring as reduced equivariant Hochschild cohomology. We will introduce 
this concept, and prove results analogous to the non-commutative case. 

Relative Hochschild cohomology for schemes 

Let X be a separated scheme and X —>• Y a separated morphism of algebraic 
stacks. Consider the diagonal morphism 

A : X —>Ix y I, 

which is a closed immersion of schemes. As for any closed immersion of schemes, 
the derived category object LA*A t ^x splits off Jf°(IA*A,^x) = A*A*«fx = 
Gxi and we write (LA*A*^.Y) red for the complement r<o(iA*A»^x). 

For a sheaf of i^x-modules we define the relative Hochschild cohomology 

of X over Y with values in & to be 

HH* y {X, &) = R Hom(LA* A* Gx, <&) ■ 

We also call 

HH* V (X, = R Horn ((LA*A*^ A -) red , 

the reduced Hochschild cohomology of A' over Y with values in &. For & = 
&Xi we use the usual abbreviations 

HHy(X) = IIHyiX, Gx) , HHy(X) = HH* y ( X, G x ) . 

We have 

HHy(X, &) = HH*y{X , &) © H*(X, &), 

HHy(X) = HHy(X) © H*(X, G x ) . 
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Equivariant Hochschild cohomology 

If G is a reductive algebraic group, tt : P —> X is a principal G-bundle, and X — > 
BG the associated classifying morphism, then we write HH G for HHg G , and 
HH g for HH B q , and speak of equivariant (reduced) Hochschild cohomology. 

Proposition 2.6 For any quasi-coherent sheaf of & x -modules TP, There is a 
natural G-action on HH* (P, n* IP), and we have canonical isomorphisms 

HHf,{X,&) = HH*(P, it* IP) G , HH* G (X,&) = HH*(P, tt*^) g . 

In particular, 

HH G (X) = HH*{P) G , HH G (X) = HH*(P) G . 

Proof. Consider the cartesian diagram 

P -—- ^P x P 

TV 

X x BG X 

and write si = n*0p, so that P is the relative spectrum of the ^x-algebra si 
over X. By flat base change, we have 

tt*LA*A*0 x = LA'*A'*0 P , 

and therefore 

RHom(n*LA*A*& x ,Tr*&) = RHom(LA'*A'*0 P , n *&), 
and by adjunction 

HH* g (X, si ®e x &) = HH* (P, n*^). 

We have a G-action on si, and the invariants are si G = fix- We get an 
induced action on si IP with invariants &, and an induced action on 
HH g (X, si® 0 X IP) with invariants HH G (X, IP). This proves the claim for usual 
Hochschild cohomology. The proof goes through also in the reduced case. □ 

Relation to ordinary Hochschild cohomology 

We specialize to the case G = G m . 

Proposition 2.7 Let X be a separated scheme and X — x BG m a morphism. 
Denote the diagonal by A, and the diagonal X-)Ix BG m X by 

A. Then in D(0 x ) there are distinguished triangles 

LA*A*0 x ^—LlA*A*0 x ->■ LA*A*0 x ——^ , (12) 
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and 


LA*A*0 x (LA*A^ x ) red ->■ (LA*A*^ Y ) red —. 

Proof. Let A be a scheme, and 

G m x X —U- R —A+ r 

a central extension of groupoids over X. The example which will concern us 
is given by R = X x BG m A, and R = X x X. Denote the identity sections of 
R and R by A and A, respectively, and assume that A is a closed immersion. 
Then l is a closed immersion, as it is a pullback of A. Let us denote the identity 
of G m x X by e, and let t be the standard coordinate on G m . 

We have a short exact sequence of sheaves of ^-modules on G m x X 

0-^ ^G m xA r - >■ &G m xX - * e*&x - *- 0 . 

Applying i* we get the short exact sequence 

(t-i) 

0 - l*Pc m xX -*■ G m x X - L*e*Ux - o ■ 

We have t*«?G m xx = 7 t*A*^x, and i*e*Gx = A*&x, by the cartesian diagram 

G m x A -—R 



So we can rewrite our exact sequence as 

0-tt*A*/?x 7t*A*<^x-*■ A„Gx -0 . 

Now we apply LA* to this exact sequence of ^-modules on i?, to obtain the 
distinguished triangle m- □ 

Corollary 2.8 There are long exact sequences 

- HH^ m (A)-^ HH*{X) -^ HH*( X) — ^ , 

and 

- ^HH* Gm {X) - ^HH*(X) - ^HH*{ A) —^ . 
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A lemma on Hochschild cohomology of quasi-afflne schemes 

If X is quasi-affine, say X C V = Spec A, we can apply the usual tilde con¬ 
struction to the Hochschild complex C.(A) of A. We obtain a complex of 
quasi-coherent sheaves C,(A)~\ X on X, whose component in degree p is the 
free ^-module 

C P (A)~\x = 0 x ®c A®?. 

Removing the degree 0 part from C.(A) gives the reduced Hochschild complex 
C.(A), and the associated complex of quasi-coherent sheaves C.(A)~ \x, which 
is obtained from C m (A)~\x by removing the component in degree 0. 

Lemma 2.9 In the derived category of X, the complex C,(A)~\x represents the 
object LA* A*&x> where A : X —> X x X is the absolute diagonal. Moreover, 
the complex C.(A)~|x represents (LA*A*&x) Ted . 

Proof. This follows from m, where it is proved that on a quasi-projective 
scheme the complex of non-quasi-coherent sheaves , which sheafifies the 
Hochschild complex, represents the derived category object LA*A*ffx- 
Then we have a canonical quasi-isomorphism 

C.{A)~ \x—^V. x , 

because Hochschild homology commutes with localization. □ 

Now suppose LP = M\x, for an A-module M. 

Lemma 2.10 We have spectral sequences 

E% q = HH P (A, H q {X, &)) => HH p+q (X, &), 

E pq = HH P (A, H q (X, &)) =>- HH P+q (X, &). 

Proof. By the previous lemma, the derived category object 
R Ji?om(LA* A*&x, &) can be represented by the complex C*(A,^) of 
sheaves on X, whose degree p component is 

Jtf 0 m ex <8>c A® p , &) = Hom c (A® p , &) , 

i.e., an infinite product of copies of &. It follows that Hochschild cohomology 
of X with values in & is equal to hypercohomology 

HH*(X, &) = H* (X, C"(A, &)) . 

This hypercohomology can be computed using a finite affine Cech cover il of X, 
because an infinite product of quasi-coherent sheaves is acyclic over an affine 
scheme (even though not quasi-coherent in itself). Thus 

H*(X,C*(A ,&)) = tot C*(A,J?))) 

— tot (c'*(A,(7 , (il,J?))) . 
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We now consider the double complex. Computing cohomology in the Cech di¬ 
rection gives us because infinite products are exact in the 

category of A-modules. Next, computing cohomology in the Hochschild di¬ 
rection gives us HH p (A,H q (X,^)'), by definition. Thus the desired spectral 
sequence is the standard E 2 spectral sequence of our double complex. 

The proof is the same for the reduced case. □ 

Graded Hochschild cohomology 

Let A be a locally finite commutative graded C-algebra, such that 

(i) A is graded in non-negative degrees: A = A> 0 , 

(ii) A is connected: A 0 = C, 

(iii) A is generated in degree 1. 

Let V = Spec A, and Y = V \ 0, where 0 G V is the vertex defined by 
the homogeneous maximal ideal A > 0 . Moreover, let X = Y/G m = Proj A, and 
denote the quotient map by n : Y —>• X . Assume further that 

(iv) for all n > 0, the homomorphism A n —>• P(X, &x(n)) is bijective, 

(v) for all q > 0 and n > 0, we have H q (X, &x(n)) = 0. 

Let us remark that 

H q (Y, ff Y ) = H q (X,ir*0 Y ) = 0 H q (X , ff x (n)) . 

n 

For example, if A is a connected projective scheme, and ^.y( 1) is a sufficiently 
ample line bundle, then A = r(A, &x(ij) satisfies our assumptions. 

Theorem 2.11 We have 

~HH* G JX) = HH* r (A> 0 .A >0 ). 

Proof. By Proposition 12.61 we have 

HH* G JX) = HH; r (Y). 

We can then use Lemma 12.101 to determine HH* gl .(Y). In fact, <G m acts on the 
relevant spectral sequence, and we get an induced spectral sequence of invariants 

El q = Tm P gI (A , H q (Y, ff Y )) =► HH P g t q (Y). (13) 

To deal with the 1^2-term, notice that, passing to the normalized complex, we 
have 

HH p (A, H q {Y, ff Y )) = HH p (A >0 , H q (Y, fJ Y )) , 

This implies also 

HHl T (A,H q (Y, 0 Y j) = HH P gr (A >0 ,H q (Y, 0 Y )) . 
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For q > 0 and p > 0, we have 

HH p r (A >o ,W(Y,0 Y )) =0, 

because there are no graded cochains in the relevant degrees (and taking invari¬ 
ants commutes with computing Hochschild cohomology). So the i? 2 -term of the 
spectral sequence (Thill is entirely contained in the row q = 0. We deduce that 

HH* S[ {Y) = HH* gI (A >o ,H°(Y,0 Y )) SI . 

We have 

Cg t (A >0 , H°(Y, 0 Y )) = C p er (A>o,A >0 ), 
and we conclude that HH gr (Y) = HH gI (A >0 ,A >0 ). □ 

Remark 2.12 This argument would fail for non-reduced Hochschild cohomol¬ 
ogy, because the corresponding spectral sequence would also contain the non¬ 
vanishing n = 0 column. This is the reason for working with reduced Hochschild 
cohomology. In fact, for Hochschild cohomology, we have 

HH^JX) = HH* gI (A> o, H >0 ) ® H*(X, G x ). 

Corollary 2.13 There is a long exact cohomology sequence 

-- HH* t (A >0 , A >0 ) -- HH*(X) -^ HH*(X) . (14) 

This sequence is also the sequence hi (A) , for S = A. 

2.3 The smooth case 

Hochschild-Kostant-Rosenberg 

We return to the case of a separated scheme X, with a separated morphism 
X —» Y to an algebraic stack Y, and assume that X —> Y is smooth, of relative 
dimension d. The usual proof of the Hochschild-Kostant-Rosenberg theorem 
goes through and gives 

d 

= 0 ^x/y\J] > 
l=o 

d 

(LA*A,^) red = 04 /r b1. 

l=i 

Corollary 2.14 For relative Hochschild cohomology, we have 

d 

HHf(X) = 0//«(I,AT x/y ) 

3=0 

d 

HH'UX) = 0 H«~\X, XT x/y ) . 

l=i 
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In particular, consider the case Y = B G m , and X smooth. The bundles 
XTx/BG m can be related to the hPTx by considering the short exact sequence 
of vector bundles on X 

0- T x /BG m - Tx -s- 0 

(the Euler sequence), which induces, for every j > 0, another short exact se¬ 
quence of vector bundles 

0- i-'Tx - j T x/BGm -^A PT X -^0 . 

If A is a graded ring as in Theorem 12.111 and X = Proj A is smooth of 
dimension d, then for q > 0 we have 


d+1 

TfflJ r (A >o ,A >o ) = 0ff 9 

3 =1 


-3 


(X, A 3 T x /BG m ) ■ 


Further considerations 

We consider the case that (A', ^x(l)) is a smooth projective connected scheme 
of dimension d. The polarization ^x(l) gives rise to the morphism X —> BG m . 
Assume that 0 X (1) is sufficiently ample, so that the hypotheses of Theorem l2.11l 
are satisfied. Let A be the homogeneous coordinate ring of X. Then A defines 
a point of the derived moduli scheme of algebras constructed in Section [T| The 
tangent complex at A' of the derived scheme is 

d+1 

HH* t (A> 0 , A >0 )[1] =05*(A,A^ /BGm )[l-i] . 

3 =i 

Therefore, the virtual dimension of the derived scheme at the point A' is 
1 - X (X, ff x ) = (— 1 ) 1+dim x p a (A), 
i.e., the arithmetic genus up to sign. 

In this case, the beginning of the long exact sequence (ED, or (USD, is a 
direct sum of long exact sequences as in Figure [U where we have written 
T for TV/BG m - The left column contains HH*{ A) [—1], the middle column 
HH* Gm {X) = HH* I (A > o, A >0 ), and the right column HH*( A). 

Thus, the infinitesimal non-commutative polarized automorphisms of A are 
given by 

HH 1 g JX) = H°(X,T). 

This is equal to the classical, commutative infinitesimal automorphisms of the 
pair (A, ^x(l))- It is an extension of the kernel of H°(X,T x ) —> H 1 { A, G x ) 
by C = H°(X, G x ). 
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0 




H°{X, T) 


H°(X,T x ) 


H x {X,0 x ) 

H°(X,T x ) 


- H 3 (X, T)- 
H°(X,A 2 T) 


~H'(X,T x )- 

H°(X,A 2 T x ) 


H 2 (X , e x ) - - H 2 {X, T) -- H 2 (X,Tx)- 

^- *-H 1 {X,T x ) -- ^H\X, A 2 T x ) 

0->■ H°(X, A 2 T x ) -^ H°(X, A 3 T) - H°(X, A 3 T x ) 


Figure 1 


The infinitesimal non-commutative polarized deformations of X are given 
by HH G (X). This splits up into two direct summands 

HH 2 Gm {X) = H 1 (X,T) ® H°(X,A 2 T). 

There is the classical, commutative part H 1 (X,T). This is an extension of 
the kernel of H\X,T x ) -> H 2 (X,0 x ), i.e., the infinitesimal deformations of 
X lifting to the pair (X, & x {Vj), by the cokernel of H°(X,T x ) —>• H 1 (X, 0 X ), 
i.e., the infinitesimal deformations of & x (l), modulo those that come from in¬ 
finitesimal automorphisms of X. 

Then there is the non-commutative part H°(X,A 2 T). This is an extension 
of the kernel of H°(X,A 2 T x ) — > H 1 (X, T x ) by H°(X,T x ). The subspace 
H°(X, T x ) corresponds to non-commutative deformations of the graded sheaf of 
algebras ® n G(yi) coming from automorphisms of X , via the ‘twisted coordinate 
ring construction’. The quotient space consists non-commutative deformations 
of the structure sheaf (given by H°(X, A 2 T X ), which map to zero in H x (X, T x ). 

The infinitesimal non-commutative polarized obstructions of X are given 
by HH G (X), and split up into three parts. The classical, commutative part 
H 2 (X,T), and two non-classical parts H 3 (X,A 2 T) and H°(X, A 3 T). In partic¬ 
ular, they contain H°(X,A 2 T x ) as a subspace. 

Remark 2.15 For the obstruction theory to be perfect at X, i.e., for the higher 
obstructions to vanish, we could require 

FT (X, A j T x ) = 0 , for all i + j> 3. 
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For X a curve this is always true. This leads to the speculation that there may 
be interesting moduli spaces of non-commutative polarized curves, which admit 
virtual fundamental classes. 

For surfaces, this would give the three conditions 

H 1 (X,A 2 T x ) = 0, H 2 (X,T x ) = 0, H 2 (X,A 2 T x ) = o. 


3 Stability for graded algebras 

In this section we study the geometric invariant theory quotient associated to 
the action of G on L 1 (notation from Section [TJ. Because of m we restrict to 
the case of truncated algebras. Then both L 1 and G are of finite type, and we 
are in a classical geometric invariant theory context. 

3.1 The GIT problem 

Here we construct quasi-projective moduli schemes of finite graded stable alge¬ 
bras. We start by setting up a Geometric Invariant Theory problem. 

Let q be a positive integer, d = (di, ..., d q ) a vector of positive integers, and 

T = 0y 
2=1 

a finite-dimensional graded vector space of dimension d. Let G = lli=i GL(b). 
We write elements of V as x = (oq,..., x q ) and elements of G as g = (<?i,..., g q ). 

Let R = Hom gr (V’® 2 , V), with elements written as g = (gij)ij, where fMj : 
Vi <8> Vj —> Vi+j. Note that fii 3 / 0 only if i,j > 1 and i+j < q. Consider the 
left action of G on R by conjugation. More precisely, for g G G and /.i £ R, we 
have 

(s * d)ij = 9i+j ° iHj 0 (sr 1 ® gj 1 ) ■ 

Remark 3.1 This is not a space of quiver representations. So we cannot di¬ 
rectly quote results for moduli of quiver representations. Although similar tech¬ 
niques do apply. 

There are two canonical one-parameter subgroups of G. The anti-diagonal 
A -1 : <G m —>• G acts by scalar multiplication (i.e., by weight 1) on R , and 
hence destabilizes every point of R. The other, F : <G m —> G given by T(t) = 
(f, t 2 ,..., t q ) acts trivially on R , prompting us to pass from G to G = G/T. 

Definition 3.2 We call a vector of integers 6 = {d\ 1 ... ,6 q ) a stability pa¬ 
rameter if 

(i) 

<7 

F, Oidt < 0, 

2=1 
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(ii) 

Q 

y Midi= o. 

i =1 

Any stability parameter defines a character xe of G by 
X6(gi,---,g q ) = n det (^) Si • 

i=1 

The second condition on 9 says that 9 factors through G —> G, and the first 
condition implies that (x, A -1 } > 0. 

We then linearize the action of G on R by taking the trivial line bundle on 
R , and lifting the action to R x C by the formula g * (p,t) = (g * p, x(fl) _1 t). 
Then the GIT quotient of R by G is 


I?//G = Pro.j0r(I?)f„, 

71—0 


where _ 

r(-R)*n = {/ € T(R) | f(g * fi) = x (g) n f(d)} 

are the twisted invariants. Note that the condition (x, A -1 } > 0 implies that 
0 n r(i?)£„ is non-negatively graded. 

The GIT quotient is a projective scheme, because the affine quotient 
SpecT(I?) G is reduced to a point. 

Let R s C R ss C R be the open subsets of stable and semi-stable points in 
R, respectively. Then [R s /G\ is a separated Dcligne-Mumford stack with quasi- 
projective coarse moduli space R s //G. Moreover, R ss //G = R//G is a projective 
scheme, containing R s //G as an open subscheme. If R s = R ss , then [ R s /G) is 
a proper Deligne-Mumford stack with projective coarse moduli space R//G. 

When we need to specify the stability parameter, we call points of R a ( R ss ) 
9-(semi)-stable. 

3.2 The Hilbert-Mumford criterion 

We recall the Hilbert-Mumford criterion (see Proposition 2.5 in [5]): 

Proposition 3.3 (Hilbert-Mumford numerical criterion) The point p G 
R is (semi)-stable (with respect to the linearization given by \) */ and only if 
for every non-trivial one-parameter subgroup A of G, such that lim^o A (t) * p 
exists in R, we have (x, A) >0 (> 0). 

Proposition 3.4 The point p £ R is 9-(semi)-stable, if and only if for all 
descending filtrations V = P® D D ..compatible with the lower grading, 
and satisfying the conditions 
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(i) For n sufficiently large, = 0, but V ^ ^ 0, 

(ii) (]/( fe )) does no i dominate the tautological filtration, where to dominate the 
tautological filtration means that V^ D V>k, for all k. 

(in) H(VM, 7®) C for all i, j, 

we have 

Q 

Y OiWi >0 (> 0 ). 

Here Wi = tfte weight function of the filtration V^. 


PROOF. A one-parameter subgroup of G is the same thing as a one-parameter 
subgroup of G, up to translation by T. One-parameter subgroups of G are the 
same thing as gradings on each of the V), which we denote by upper indices 
Vi = © m V™. The upper grading V = ©j m V™ gives rise to the same one- 

parameter subgroup of G as the upper grading V = ©, m V[ n+l . Thus we call 
the upper gradings © V™ and © V q m+l equivalent. The upper grading defined 
by V = V°, as well as all equivalent upper gradings are called trivial , as they 
correspond to the trivial cocharacter of G. In each equivalence class there is 
a unique upper grading such that no weights are negative, but there exists a 
non-zero space V™ with m < i. Let us call such an upper grading standard. 

Now let fi £ R be given. Let A be a one-parameter subgroup of G , corre¬ 
sponding to the double grading V = (BV™ on V. Then lim t _>o A(f) * /z exists in 
R , if and only if none of the A-weights of /z are negative. This is equivalent to 
/z preserving the descending filtration given by V- n = © m >„ V m , by which we 
mean that g(V- m , V- n ) C V- m+n . Note that this condition is preserved under 
equivalence of upper gradings, even though the upper filtration itself changes in 
the equivalence class. 

Now suppose that /a £ R preserves the filtration V- n , given by A. Then 

(x,ty = Y 6i H m dim v i m ■ 

%— 1 m 

Note that for standard upper gradings, we have V C V-°, and hence 

m dim V.™ = ^ dim V . ; - m , 

m m> 1 


so that we have 


(x,x) = Y e iY dimV r m - 

i= 1 m>l 


Thus we conclude that g £ R is stable if and only if for every descending 
filtration V = D V^l D ... (compatible with the lower grading), satisfying 

(i) (non-trivial) 7 ^ 0 , but V^ = 0 , for n 0 , 

(ii) (standard) there exists a k, such that V^ f> V>k, 
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(iii) 

we have X)Li J2 m >i dimF/ m) > 0 (> 0). □ 

3.3 Reformulation using test configurations 

Suppose now that A is an associative and unital graded algebra, which is a 
locally finite and connected, with Ao = C. 

Test configurations for A 

Definition 3.5 A test configuration for A is a bundle of graded unital al¬ 
gebras S3 (as defined in Section |T]) over the affine line A 1 , together with a 
G m -action on the bundle lifting the natural action on A 1 , such that the 
restriction of SB to G m C A 1 is G m -equivariantly isomorphic to the constant 
bundle with fibre A. 

Two test configurations for A are equivalent, if one can be obtained from 
the other by multiplying the G m -action by a suitable power of the tautologi¬ 
cal action. A test configuration for A is trivial, if it is equivalent to a G m - 
equivariantly constant test configuration. 

The special fibre SB\o of a test configuration is a graded algebra with the same 
Hilbert function as A, endowed with a G m -action. The weight of the G m -action 
on the graded piece of degree i of SB\o is denoted Wi, and the function 

'W-idET- 

defined for i > 0, is the Futaki function of the test configuration SB. (It takes 
values in Q U {oo}.) The Futaki functions of two equivalent test configurations 
differ by a constant integer. The Futaki function of a trivial test configuration 
is a constant integer. 

A test configuration for A, together with a G m -equivariant trivialization of 
its restriction to G m C A 1 , is the same thing as a doubly graded C[t] -subalgebra 

5 = 0#)^ c A[t, r 1 ], 

fee z 

such that every Bi C A.j[f,f -1 ] is a finitely generated C[t]-submodule of rank 
dim A;. The test configuration is trivial, if and only if there exists an l £ Z, 
such that 

B (k) _ \Ai if k < it 
1 ~ [0 \i k> i(. 

For our purposes it will not be important to distinguish between a test config¬ 
uration and one with G m -equivariant trivialization over G m C A 1 , and so we 
will identify test configurations with doubly graded C[f]-algebras B C A[f,f -1 ] 
such that rkf?i = dimAj, for all i. 

By definition, generators of a test configuration SB for A are generators for 
the algebra of global sections B = T(A X ,SB) as C[t]-algebra. 
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Remark 3.6 If A admits a finitely generated test configuration, then A is 
finitely generated, itself. 


Admissible test configurations 

Definition 3.7 A test configuration is called admissible, if it is equivalent to 
a test configuration which can be written as 

A[t] C B c A[f,< -1 ]. 


Let us suppose B is an admissible test configuration written in this way. We 
have 

Wi = ^ dim B. 

k> o 

Moreover, 

(i) every RW for k > 0 is a two-sided ideal in A, 

(ii) A D R (1) D R (2) D 

(iii) RWRW c B^ k+t >, for all k,£ > 0, 

(iv) for every i > 0, there exists an £ > 0, such that B\ k> = 0, for all k > £. 

Definition 3.8 We call a sequence of two-sided ideals (l^) k>0 in A satisfying 
these conditions an admissible family of ideals in A. 

An admissible family of ideals {l^) k>0 defines a test configuration by 

R = 0/( fe )r\ 
fcez 

where we set I^ = A , for all k < 0. The special fibre of this test configuration 
is 

B/tB = ® j(fe) jj(k+ 1) _ 

fe >0 


Remark 3.9 If A is finitely generated, then every test configuration for A is 
admissible. 


Standard admissible test configurations 

If a test configuration is admissible, there is a unique equivalent test configura¬ 
tion with the properties 

(i) A[t] C B, 

(ii) ® k& A >kt~ k< iB. 

Such a test configuration is called standard admissible. 

A test configuration is standard admissible if and only if the corresponding 
admissible family of ideals does not contain the tautological admissible family 
given by I^ = A> k - Such an admissible family of ideals is called standard 
admissible. 
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Stability 

Now let us return to the setup of 13.11 Suppose that /i £ R = L 1 is a Maurer- 
Cartan element, so that A = ( V. , fi) is a graded algebra with A, = 0, for i > q. 

Proposition 3.10 The Maurer-Cartan element p is 6-(semi)-stable if and only 
if for every non-trivial test configuration for A, the weights Wi satisfy 

^ OiWi > 0 (> 0). 

i 

Proof. As Ai = 0 for i 0, all test configurations for A are admissible. Be¬ 
cause of JA ididi = 0, the stability condition JA diWi > 0 (> 0) is independent 
of the choice of a test configuration within its equivalence class. So to test the 
condition of this proposition it is sufficient to use standard admissible test con¬ 
figurations. To conclude, we remark that non-trivial standard admissible test 
configurations correspond exactly to the filtrations of V, which are tested in 
Proposition [XU □ 

This proposition motivates the following definition. 

Definition 3.11 A finite graded algebra A is 0-(semi)-stable, if 

(i) Xb&idhnA,; < 0, 

(ii) JA* 0 idi m ^i = 

(iii) for every non-trivial test configuration for A , the weights satisfy 

E o iWi > ° (> o). 

i 

Proposition 3.12 To test (semi)-stability of A, it suffices to check standard 
admissible families of ideals in A. 

3.4 Standard stability parameters 

We fix a dimension vector (d\, ... ,d q ) and a stability parameter 9 , as above, 
and study 0-stability of finite graded algebras A with dim A t = d t . 

Let us remark that there is no a priori reason to expect complete moduli of 
stable algebras: 

Remark 3.13 We can eliminate 0\ from the stability condition. The stability 
parameter condition becomes 

y^(i - 1 )diQi > 0 , 

2=2 

and as stability condition we obtain 

Q 

^2(diWi - idiW\)6i >0 (> 0), 

i- 2 
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or 

Q 

(-^W - F(l))idA >0 (> 0). 

*=2 

We see that no matter the choice of stability parameter 0, an admissible sequence 
of ideals with constant Futaki function will always violate stability. The Futaki 
function being constant means that 

Wk — kdk —r , for all k > 1. 

«i 

There is no a priori reason why d\ should not divide w \, and so there is no divis¬ 
ibility condition on the dimension vector (di,<i 2 , • ■ •) which would exclude the 
possibility of strictly semi-stable objects. Therefore, there is no such condition 
that would assure a projective coarse moduli space of stable algebras. 

For certain stability parameters, stability implies generated in degree 1: 

Proposition 3.14 Suppose that 9 1 < 0 and 9i > 0, for all i > 1. Then 9-stable 
algebras are generated in degree 1. If, in addition, 9i > 0, for all i > 1, then 
9-semi-stable algebras are generated in degree 1. 

PROOF. Write / = A> i, and consider the admissible sequence of ideals of 
powers of /, given by I^ = I k , for all k > 1. Assume that not I k = A>*,, for 
all k. Then (/ fc ) is properly contained in the tautological filtration, and hence 
does not dominate it. Thus ( I k ) is standard admissible. 

If A is 0-stable, then (— 9i)wi < This implies (— 9\)d\ < 

and hence 'f2 i>1 i9idi < Y^i>i®i w i- This is a contradiction, be¬ 
cause wi < idi , for all i. Thus I k = A>*,, for all k , which implies that A is 
generated in degree 1. 

To prove the additional claim, assume that V is 0-semi-stable. Then we can 
still conclude that X^>i i@idi < Sj>i @i w i- Thus, from Wi < idi, and the fact 
that none of the 0^ vanish, we conclude that Wi = idi, for all i > 1. Again, we 
reach a contradiction, proving that A is generated in degree 1. □ 

Remark 3.15 We have, in both cases, proved that any admissible sequence 
of ideals which is contained in the tautological one, and satisfies /j 1 '* = A\, is 
necessarily the tautological sequence. 

Proposition 3.16 Suppose that we have 9i < 0, for all i < q. Then every 
9-stable algebra has no non-zero ideal I, which vanishes in degree q. If 9i < 0, 
for all i < q, we can reach the same conclusion for 9-semi-stable algebras. 

PROOF. In fact, if we assume that I <k ^ is an admissible sequence of ideals which 
vanishes in degree q, we can conclude that I^ = 0, for all k > 1, under either 
of the two assumptions. □ 

Remark 3.17 If 9 q = 0, there are no stable algebras. 
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Remark 3.18 If we want the assumptions of both Propositions 13. 1-fl and IXTB1 
to hold, we need to have 6\ < 0, and 9 q > 0, as well as 0$ = 0, for all 1 < i < q. 
For the conclusions to hold, we need to assume stability, not just semi-stability. 

Definition 3.19 The stability parameter 6 is standard, if 9\ and 9 q are the 
only non-zero 0j. 

For a standard stability parameter 9 , the stability condition reads 
9 q w q > {—9\)w\ (>). 

This is equivalent to 

F(q)>F( 1) (>), 

which is independent of the sizes of 9i and 9 q . 

When not specified otherwise, we always work with a standard stability 
condition, and make the following definition. 

Definition 3.20 Let A be a finite graded algebra, graded in the interval [0, q\. 
Then A is called (semi)-stable, if for every non-trivial test configuration for 
A , the Futaki function satisfies F(q) > F( 1) (>). It suffices to check admissible 
families of ideals, or standard admissible sequences of ideals. 

Corollary 3.21 Suppose A is stable. Then A is generated in degree 1, and has 
no non-trivial two-sided ideals which vanish in degree q. 

Moduli 

Consider the dimension vector d = (di,... , d q ), and the associated stack of 
twisted bundles of graded algebras of dimension d , which we called X< q in 
Section [1] Let Xf q be the open substack of stable algebras. It is a closed 
substack of the quotient stack [ R s /G ], and it is a separated Deligne-Mumford 
stack with quasi-projective coarse moduli space, which is a closed subscheme of 
R s //G. The C-points of this coarse moduli space correspond in a one-to-one 
fashion to isomorphism classes of stable algebras of dimension d. 

3.5 Unbounded algebras 

For simplicity, we will only consider stability, not semi-stability. In view of 
Corollary 13.211 we will only consider algebras generated in degree 1. 

Proposition 3.22 Fix an integer q > 1, and let A be a graded algebra, finitely 
generated in degree 1. The following are equivalent 

(i) For every test configuration 8$ for A, whose truncation 8§< q is a non¬ 
trivial test configuration for A< q , the Futaki function satisfies F(q) > 
F(l). 
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(ii) For every non-trivial test configuration for A generated in degrees < q, the 
Futaki function satisfies F(q) > F( 1). 

(iii) For every non-trivial test configuration for A generated in degree 1, the 
Futaki function satisfies F(q) > F( 1). 

(iv) For every filtration A\ D V ^ D ... D V^ 3 0 of A\ by vector subspaces, 

the admissible sequence of ideals generated by has a Futaki function 

which satisfies F(q) > F(l). 

(v) The truncation A< q is stable. 

PROOF. The fact that (i) implies (ii), follows because if a test configuration 3$ 
for A is generated in degrees < q , and is non-trivial, then also its truncation 
33 < q is non-trivial. 

Obviously, (ii) implies (iii). 

Next we claim that (iii) implies (iv). Here we will use that A is generated in 
degree 1. The admissible sequence of ideals generated by the filtration {fA fc ) j 
is the smallest admissible sequence of ideals {1^}, with = v} k \ for all 
k > 0. The corresponding test configuration B is generated as C[f]-algebra by 
©fc>o V^ k H~ k C inside A[t, t _1 ], if we set V^ = A±. It is generated 

in degree 1. Thus, (iii) implies (iv). 

Now let us assume that (iv) is satisfied. To prove (v), i.e., that A< q is stable, 
it suffices to check all standard admissible test configurations for A< q . Among 
these, it suffices to check those that are generated in degree 1, because adding 
generators in higher degree can only increase F(q), without affecting F(l). But 
non-trivial standard admissible test configurations generated in degree 1 are all 
generated by a filtration as in (iv). 

Finally, the fact that (v) implies (i) is, again, trivial. □ 

Remark 3.23 For a given dimension d\ of A\, in Condition (iv), we can further 
reduce to considering only flags whose dimensions (dim V ^, dim V^ 2 \ ...) come 
from a finite list of integer sequences, but as we currently have no use for this 
fact, we will not prove it here. 

Definition 3.24 A connected graded algebra, finitely generated in degree 1, 
is called g-stable, if any of the equivalent conditions in Proposition 13.221 is 
satisfied. It is called stable, if there exists and TV > 0, such that it is g-stable 
for all q> N. 

Commutative case 

Suppose that (Y, is a connected projective C-scheme, such that 

H X (Y, &(1)) = 0, for all i > 0. Let A be the homogeneous coordinate ring 
of {Y, (1)). This is the image of Symr(Y, ^(1)) —»• ®,> 0 F(Y, &(n)), and is 

a connected graded algebra, generated in degree 1. 

Proposition 3.25 The polarized scheme (Y, &y{ 1)) is Hilbert stable if and only 
if A is stable in the sense of Definition \ 3.2f\ 
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PROOF. For the definition of Hilbert stability (more precisely, Hilbert stabil¬ 
ity with respect to r = 1), see [ID] . By definition, the Hilbert stability of 
(Y,£?y( 1)) is tested against all filtrations of A\ = r(Y, ^y(l)), exactly as in 
This immediately implies the result. □ 


Moduli 

Return to the moduli stack 

X = ljm X< q . 

We have now defined open substacks X< q C X< q of stable algebras. We let X q 
the preimage of X< q in X. This is the substack of g-stable algebras. Hence we 
have in X a family of open substacks X q , parametrized by q G N. A point in 
X represents a stable algebra if and only if it is in almost all open substacks 
X q c X. The locus of stable algebras in X is 

v- = u n *;• 

JVeN q>N 

We see no obvious reason why X s should be an open substack of X. 

Remark 3.26 We have, for every iV£Na diagram 

Dr ,>N *9 C -- *N —~ *'<N (15) 

r\ 

X s 

and we find it reasonable, that there should exist dimension vectors d and in¬ 
tegers N, for which all arrows in m are isomorphisms, so that X s = X< N , 

and X s is a finite type, separated, (in fact quasi-projective) Deligne-Mumford 
stack. 

In the commutative case (where d is a numerical polynomial), the cate¬ 
gory of graded algebras generated in degree 1, with fixed Hilbert polynomial, is 
bounded. From this it follows that in the commutative case the corresponding 
claim X s = X< N , for sufficiently large N, holds. Lack of suitable persistence 
theorems and flattening stratifications currently keep us from generalizing this 
result to the non-commutative case. 

Definition 3.27 Call a sufficiently ample (meaning that H' (^, <t?(n)) vanishes 
for i > 0 and n > 0), non-commutative projective scheme (^, l?,s) stable, if 
© n>0 r(if, l?(n)) is a stable graded algebra. 
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Remark 3.28 It stands to reason, by analogy with the commutative case, that 
for certain d, the stack A' s , or an open substack, is a moduli stack for sta¬ 
ble non-commutative projective schemes. Further evidence is provided by the 
deformation theory arguments from Section [1] which indicate that the derived 
deformation theory of a non-commutative projective scheme coincides with that 
of its algebra of homogeneous coordinates. 


References 

[1] M. Artin and J. J. Zhang. Noncommutative projective schemes. Adv. 
Math., 109(2):228-287, 1994. 

[2] K. Behrend, I. Ciocan-Fontanine, J. Hwang, and M. Rose. The derived 
moduli space of stable sheaves. Algebra Number Theory , 8(4):781—812, 
2014. 

[3] K. Behrend and J. Hwang. Stability of non-commutative projective planes. 
In preparation. 

[4] M. Gerstenhaber. The cohomology structure of an associative ring. Ann. 
of Math. (2), 78:267-288, 1963. 

[5] A. Grothendieck. Sur quclques points d’algebre homologique. Tohoku Math. 
J. (2), 9:119-221, 1957. 

[6] A. D. King. Moduli of representations of finite-dimensional algebras. Quart. 
J. Math. Oxford Ser. (2), 45(180):515-530, 1994. 

[7] M. Lieblich. Moduli of twisted sheaves. Duke Math. J., 138(1):23-118, 
2007. 

[8] W. Lowen. A generalization of the Gabriel-Popescu theorem. J. Pure Appl. 
Algebra , 190(1-3):197-211, 2004. 

[9] W. Lowen and M. Van den Bergh. Hochschild cohomology of abelian cat¬ 
egories and ringed spaces. Adv. Math., 198(1):172-221, 2005. 

[10] J. Ross and R. Thomas. A study of the Hilbert-Mumford criterion for the 
stability of projective varieties. J. Algebraic Geom., 16(2):201—255, 2007. 

[11] R. G. Swan. Hochschild cohomology of quasiprojective schemes. J. Pure 
Appl. Algebra, 110(l):57-80, 1996. 

[12] B. Toen and M. Vaquie. Moduli of objects in dg-categories. Ann. Sci. Ecole 
Norm. Sup. (4), 40(3):387-444, 2007'. 


33 


